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History
In the 1920s A. J. Lotka developed a mathematical model for the interaction between two
species. The mathematician Vito Volterra worked out this model independently and in
more detail a short time later. Lotka and Volterra’s main goal was to understand the
population dynamics involved in a simple system that involves a single predator specie
and single prey specie. By ignoring such things as the variability of individuals of each
species, variation in the environment over time, and the effects of other species, they
hoped to discover some of the essential properties of the interactions between the two
species and to understand the mechanisms involved in the cyclical behavior of their
population levels. According to James Marrow it is still an open question as to whether
they achieved their goal, the mathematical approach that they took stimulated many
investigators and changed the way that ecological systems are studied. (Morrow, pg. 187)

Model I: Modified Lotka-Volterra Model (Algebraic and Geometric methods)
The following Lotka-Volterra model was modified by James Morrow. The modified
model illustrates the fruitful interactions of algebraic and geometric methods. The form
of the model’s assumptions is algebraic; and the description of zero, positive, and
negative percentage growth is also algebraic, being in the form of an algebraic equations
or inequalities. When these equations and inequalities are considered geometrically, and
the pair of populations is looked at as point in the plane, a powerful too develops—for
then we “see” how the populations must vary over time if they are to satisfy the
assumptions of the model. The model provides a beginning for a quantitative analysis of
natural systems especially for students without Calculus knowledge. The following
simple model can be considered as a basis for deeper understanding. (Morrow, pg. 196)
Throughout this document we shall assume that the prey is a population of hare and the
predators are Canadian lynx.
Notation
Prey (hare)

Predator (lynx)

H = population size of hare
RH = percentage growth rate or hare

L = population size of lynx
RL = percentage growth rate of lynx

Assumptions of the Model
The model assumes that time is independent of the population sizes and rates and that it
“flows along’ in a continuous way. Consider the situation of the hare without any lynx to
prey on them. It is then assumed that the hare population, in the absence of lynx, will
grow with a constant, positive percentage rate, RH = a, where a is a positive constant
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(intrinsic percentage rate). Furthermore, it is assumed that the lynx will have the effect of
decreasing the intrinsic percentage growth rate in direct proportion to the lynx population
size. Combining the intrinsic growth rate with the effect of the predation of the lynx
population, assume that RH = a - bL, where a and b are positive constants and b represents
the constant of proportionality involved in the lynx’s effect on the growth rate of the hare
population. More precisely, b is the percentage kill rate of hare per lynx and bL is the
percentage kill rate of hare. The more effective the lynx are in killing the hare, the larger
the value of b.
Similarly, it is assumed that the lynx will die out in the absence of hare in such a way that
their percentage growth rate is a negative constant, RL = – c, where c is a positive
constant (intrinsic death rate). The presence of hare, will increase the intrinsic percentage
growth rate, it is assumed, in direct proportion to the population size, so that RL = – c +
dH, where c and d are positive constants. Correspondently, d represents how effective the
lynx predation is in increasing the lynx population size.
Application of the Model
Suppose the initial populations of hare and lynx are H = 150 and L = 50, and that the
predator-prey system is governed by the equations:
RH = 0.05 – 0.001L and RL = – 0.03 + .0002H.
The population dynamics can be analyzed from a geometric point of view. There are
three variables: the number of hare H, the number of lynx L, and time. A twodimensional rectangular axis and H plotted on the vertical axis. The movement will show
the variation over time in the coordinate plane. If we plot the horizontal line H = 150 and
the vertical line L = 50, the coordinate plane is divided into four regions (Figure 1).
Figure 1

Figure 2

Each single point plotted represents a possible combination of lynx-hare population
levels, and the arrow attached to each point indicates the growth tendency of those
population levels. (Up is positive growth for hare and right is positive growth for lynx.)
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Each of the four regions can be checked numerically to see what growth tendency is
present. For example, in region 4, L > 50 and H < 150, we have RH < 0.00 and RL < 0.00;
thus in region 4 both populations are on decline. If we consider a specific case, L = 40
and H = 250. Substituting those values into our governing equations then, RH = 0.01 and
RL = 0.02. We note that both RH and RL are positive at these population levels and that the
percentage growth rate for lynx is double that for hare. Figure 2 depicts some typical
growth tendencies.
Figure 3

Imagine now what could happen over time. A population pair starting at the point A in
figure 2 will tend to move upward and to the right. As it moves in this direction, the hare
rate of growth tends to decrease (though it is still positive), and the lynx rate of growth
tends to increase, which makes it seem likely that the population pair will eventually hit
the line L = 50, it then begins to move downward and to the right. During this period of
time the hare population increased until the lynx population hit 50 and then decreased,
while the lynx population was steadily increasing. The population pair continues to move
downward and to the right until the hare population reaches a size of 150, when it begins
to move back to the left (corresponding to the now decreasing lynx population) while
continuing down. The downward and leftward movement will continue until the lynx
population size reaches 50 again (or until the hare population reaches zero), at which time
the motion changes to one of upward (increasing numbers of hare) and to the left. Such a
growth tendency continues until the hare population sixe reaches 150 once again, at
which point the situation is similar to that at point A, and the “cycle” is repeated. This
description of population dynamics is depicted in figure 3.
The curve drawn in figure 3 illustrates the behavior resulting from the self-regulatory
nature of the predator-prey relation modeled by the Lotka-Volterra equations. At times
both species numbers are increasing, eventually there are so many lynx that the hare
population begins to decline. For a while there is still enough hare left for the lynx
population to continue to grow, but eventually there are few enough hare so that the lynx
population begins to decline as well. In time the lynx population becomes small enough
so that once again the hare population begins to increase, and eventually this increase in
hare is enough to enable the lynx population to increase again. (Morrow, pg. 1-10)
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Model II: Lotka Volterra Model
The Lotka-Volterra equations, also known as the predator-prey equations, are a pair of
first-order, non-linear, differential equations frequently used to describe the dynamics of
biological systems in which two species interact, one a predator and one its prey. They
evolve in time according to the pair of equations:

 dx
 = x(α − βy) = xα − βxy
 dt
 dy = − y( γ − δx) = −γy + δxy
 dt
Where,
•
•

€

•
•
•

€

x is the number of prey (for example, hare)
y is the number of some predator (for example, lynx)
dy
dx
and
represent the growth rates of the two populations over time
dt
dt
t represents time
α, β, γ and δ are positive constant parameters describing the interaction of the two
species.

€
The Lotka-Volterra model makes the following assumptions about the environment and
evolution of the predator prey populations:
•
•
•
•

The prey population finds ample food at all times
The food supply of the predator population depends entirely on the prey
population
The rate of change of population is proportional to the size
During the process, the environment does not change in favor of one species and
the genetic adaptation is sufficiently slow.

As differential equations are used, the solution is deterministic and continuous. This, in
turn, implies that the generations of both the predator and prey are continually
overlapping.
Prey

dx
= xα − βxy
dt

€

The prey are assumed to have an unlimited food supply, and to reproduce exponentially
unless subject to predation; this exponential growth is represented in the equation above
by the term xα . The rate of predation upon the prey is assumed to be proportional to the
rate at which the predators and the prey meet; this is represented by βxy . If either x or y
is zero then there can be no predation. With these tow terms the equation above can be
interpreted as: the change in the prey’s numbers is given by its own growth minus the rate
€
at which it is preyed upon.
€
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Predators

dy
= −γy + δxy
dt
In this equation, δxy represents the growth of the predator population, and
represents
the loss rate of the predators due to either natural death or emigration; it leads to an
exponential decay in the absence of prey. Hence the equation expresses the change in the
predator population as growth fueled by the food supply, minus natural death.
€
Unfortunately, it is usually impossible to find explicit formulas for x and y as functions of
t. However, we can use graphical methods to analyze the equations. To analyze this
system is a straightforward manner; divide the second equation by the first,

€

dy
dy dt −γy + δxy
=
=
,
dx dx xα − βxy
dt
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and solve the resulting separable ODE.
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∫  y dy =

 −γ + δx 
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3

€
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The predator-prey model predicts a phase-shifted periodic behavior in the p
6
tions of both species with a common period. This behavior
is seen in the his
records of the Hudson’s Bay Company, which recorded the annual number of p
hare (prey) and lynx (predator) collected from 1845–1935 [3].
In this paper, we completely characterize the qualitative behavior of a linear

Hudson’s Bay Company, which recorded the annual number of pelts of hare and lynx
collected from 1845-1935. In the model system, the predators thrive when there is
plentiful prey but, ultimately; outstrip their food supply and decline. As the predator
population is low the prey population will increase again. These dynamics continue in a
cycle of growth and decline.
Population Equilibrium
Population equilibrium occurs in the model when neither of the population levels is
changing. In mathematical terms, this occurs when both of the derivatives are equal to
zero.

 dx
 = xα − βxy = 0
 dt
 dy = −γy + δxy = 0
 dt

€

Assuming that x > 0 and y > 0, when solved for x and y the above system of equations
γ
α
yields {y = 0, x = 0} and
{ y = , x = }, thus there are two equilibrium points.
δ
β
The first solution effectively represents the extinction of both species. If both populations
are at 0, then they will continue to be so indefinitely. The second solution represents a
fixed point at which both populations sustain their current, non-zero number, and in the
€ The levels of the population at which this
€
simplified model, do so indefinitely.
equilibrium is achieved depends on the chosen values of parameters α, β, γ and δ.
Stability of the Fixed Points
The stability of the fixed point at the origin can be determined by performing a
linearization using partial derivatives.
α − βy −βx 
The Jacobian matrix of the predator-prey model is J ( x, y) = 
.
δx − γ 
 δy

First Fixed Point
α 0 
€
When evaluated at the steady state (0,0) the Jacobian matrix J becomes J (0,0) = 

0 −γ 
.
α − λ
0 
By finding the determinate of the, det
get (α − λ )(−γ − λ ) = 0 .
 = 0 , we €
−γ − λ
 0
Thus, the eigenvalues of this matrix are λ1 = α , λ2 = −γ . In this model α and γ are always
greater than zero, and as such the sign of the eigenvalues above will differ. Hence the
€ an example of a saddle point at
fixed point at the origin is a saddle point. Table 6 contains
€
the origin.
€
€
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Qualitative properties of critical points
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Qualitative properties of critical points

Example: Saddle point

How do trajectories approach or re
Nodes and spiral points

Example. (0, 0) is an saddle point (so unstable).
0

Definition. A critical point (a, b) is a node if

Every trajectory approaches (a, b) as t →
recedes from (a, b) as t → ∞, and

Each trajectory approaches (or recedes)
direction. (That is, every trajectory is tangen
0

Three types of approach to critical points .

0

A critical point is a proper node if trajecto
in all directions.

A critical point is an improper node if all t
recede in just two directions.

A critical point is a spiral point if trajector
critical point as they approach or recede
a node!!

0
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The stability of this fixed point is of importance. A critical point (a, b) is stable provided
all points sufficiently close to (a, b) remain close to it. It is asymptotically stable if all
points are drawn to it. A saddle point is unstable, although some trajectories are drawn to
the critical point and other trajectories recede. If it were stable, non-zero populations
might be attracted towards it, and such the dynamics of the system might lead towards the
extinction of both species for many cases of initial population levels. However, as the
fixed point at the origin is a saddle point, and hence unstable, we find that the extinction
of both species is difficult in the model. In fact, this can only occur if the prey is
artificially completely eradicated, causing the predators to die of starvation. If the
predators are eradicated, the prey population grows without bound in this simple model.
Second Fixed Point

α
 γ α  α − β β
Evaluating J at the second fixed point we get, J  ,  = 
δ β   δ α
 β

γ  
0

δ  
=
γ  αδ
δ −γ
δ   β
−β

−

βγ 

δ .
0 


Furthermore, finding the eigenvalues of this matrix yields the following results.
€
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βγ 
0 − λ − 
δ =0
det
αδ

0 − λ
 β

 βγ αδ 
2
(0 − λ) − − δ • β  = 0

λ2 + γα = 0
λ2 = −γα
λ = −γα = ±i γα

€

Since the eigenvalues are both purely imaginary their real parts are exactly 0. This creates
a kind of dynamics right on the cusp between stability and instability, called neutral
stability: cycling with no trend either towards the equilibrium or out away from it. It can
be said that the equilibrium point is a center and the trajectories are ellipses. (Figure 4
provides an example of the trajectories)
Non-Dimensionalized form of the Lotka-Volterra equations
An alternate option to do a mathematical analysis of the Lotka-Volterra equations is to
non-dimensionalize the equations performing the following mathematical process:
First we find the steady state values to non-dimensionalize the equations.
dx
dy
= xα − βxy = 0
= −γy + δxy = 0
dt
dt
 βy 

δx 
xα 1−  = 0
γy −1+  = 0
γ
 α

α
γ
x = 0, y =
y = 0, x =
β
δ
The following are new variables are dimensionless and represent a steady state when
x1 = y1 = 1.

€

€

α€
y = y1
β
or
β
y1 = y
α

γ
x = x1
δ
or
δ
x1 = x
γ

t = at1
or
t1 =

Where

€

€

€

t
a

a is some arbitrary constant

€
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The next step is to substitute the new non-dimensional variables and their derivatives
leads to the non-dimensionalized form of the equations.

dx1 dx1 dt1
=
⋅
dt
dt1 dt
d  δ  dx1 1
⋅
 x =
dt  γ  dt1 a
dx1 aδ  dx 
=  
dt1
γ  dt 
dx1 aδ  γ
γ
α 
= α ⋅ x1 − β ⋅ x1 ⋅ y1 
dt1
γ  δ
δ
β 
dx1
= aα (1− y1 ) x1
dt1
Let ω = aα , then

€

dy1
=
dt
d β

dt  α

dy1 dt1
⋅
dt1 dt
 dy 1
y = 1 ⋅
 dt1 a
dy1 aβ  dy 
=
 
dt1 α  dt 
dy1 aβ 
α
γ
α 
=
−γ ⋅ y1 + δ ⋅ x1 ⋅ y1 
dt1 α 
β
δ
β 
dy1
= aγ (−1+ x1 ) y1
dt1

dx1
= ω (1− y1 )x1 .
dt1
€

€

€

Let ε = aγ , then

€

dy1
= ε( x1 −1) y1 .
dt1

€

The steady states for this non-dimensional system are found to be, (0, 0) and (1, 1).

€

dx1
= ω (1− y1 )x1 = 0
dt1

dy1
= ε( x1 −1) y1 = 0
dt1

ωx1 (1− y1 ) = 0

εy1 ( x1 −1) = 0

x1 = 0, y1 = 1

y1 = 0, x1 = 1

€
ω (1− y1 )
−ωx1 
The Jacobian matrix is J ( x1 , y1 ) = 

ε( x1 −1).
 εy1
By substituting the steady states into the Jacobian allows one to determine the stability of
the steady states.
€ The Jacobian and eigenvalues that results from substituting the steady
states (0, 0) and (1, 1) are:
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When evaluated at the steady state (0,0) the
Jacobian matrix J becomes
ω 0 
J (0,0) = 

 0 −ε

€

ω − λ
0 
det
=0
−ε − λ
 0
(ω − λ )(−ε − λ ) = 0 .

€
€

€

Thus, the eigenvalues of this matrix are
λ1 = ω , λ2 = −ε .

Similarly for (1, 1):

0 − λ −ω 
det
=0
0 − λ
 ε
2

(0 − λ) − (−ω ⋅ ε) = 0
λ2 + ωε = 0
λ2 = −ωε
λ = −ωε = ±i ωε
λ1 = i ωε
λ2 = −i ωε

The non-dimensionalized system yields the exact same results as previous work. The
€
€opposite signs of the eigenvalues inform
us that at the steady state (0, 0), there is a saddle
point. Furthermore, the real part of both eigenvalues is zero for J(1, 1), it is determined
that at (1,1) the steady state is neutrally stable. The neutrally stable spiral is meant to
represent the periodically oscillating prey-predator population. However, it is inadequate
because of its structurally unstable center. Any slight deviation from this steady state and
the system (population) goes into chaos; the system is stable only for specific conditions.

Example
Suppose that populations of hares and lynxes are described by the Lotka-Volterra
equation with: α = 0.08, β = 0.001, γ = 0.02, δ = 0.00002, and time t is measured in
months. With the given values the Lotka-Volterra equation becomes:

 dx
 = 0.08x − 0.001xy
 dt
 dy − 0.02 y + 0.00002xy
 dt

€

With the given information the first task will be to find the constant solutions (called the
equilibrium solutions) and interpret the answer. Both x and y will be constant if both
derivatives are zero.
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 x ′ = x(0.08 − 0.001y) = 0

 y ′ = y(−0.02 + 0.00002x) = 0

€

€

One solution is given by x = 0 and y =0. This solution makes sense, if there are no hares
or lynxes, the populations are certainly not going to increase. The other solution is
0.08
0.02
y=
= 80 and x =
= 1000 . Thus, the equilibrium population consists of 80
0.001
0.00002
lynx and 1000 hare. This means that 1000 hares are just enough to support a constant
lynx population of 80. If the lynx numbers were less than 80, it would result in more hare.
Similarly if there were more than 80 lynxes it would result in less hare.
€
The next approach is to use the system of differential equations to find an expression for
dy
, and use it to draw a directional field of the resulting differential equation and
dx
analyze the trajectories.
We use the chain rule to eliminate t:

€

dy dy dx
=
⋅
dt dx dt
Hence,
dy
dy dt −0.02 y + 0.00002xy
=
=
dx dx
0.08x − 0.001xy
dt

Next we draw the direction field for the differential equation. Then, we use the field to
sketch several solution curves.
€

If we trace along a solution curve, it can be observed how the relationship between x and
y changes as time passes. It can be noted that the curves appear to be closed in the sense
that, if we travel along a curve, we always return to the same point. The point (1000, 80)
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is inside all the solution curves because it is an equilibrium point. The above xy-plane is
known as phase plane, which result when the solution of a system of differential
equations is graphed. The solution curves are called phase trajectories, a phase trajectory
is a path traced out by solutions (x, y) as time goes by. A phase portrait consists of
equilibrium points and typical phase trajectories.
Suppose that at some point in time there are 1000 hares and 40 lynxes which corresponds
to the solution curve through the point P0(1000, 40), shown in the figure below.
y

x
The figure above shows the phase trajectory with the direction field removed. Starting at
point P0 at t = 0 and letting t increase, doe we move clockwise or counterclockwise? This
question can be answered by examining the differential equations at the fixed point. If we
substitute x = 1000 and y = 40 in the first differential equation we get:
dx
= 0.08(1000) − 0.001(1000)(40)
dt
dx
= 80 − 40 = 40
dt

dx
> 0 , we can conclude that x is increasing at P0. Consequently, movement occurs
dt
counterclockwise around the phase trajectory. It can be noted that at P0, there are not
enough lynxes to maintain a balance between the populations. Thus, the hare population
increases, which in turn results in more wolves. Eventually, there are so many wolves
€ that he hares have a hard time avoiding them. Hence, the number of hares begins to
decline. This is at P1, where it can be estimated that x reaches its maximum population of
about 2800. This means that, at some later time, the lynx population starts to fall (This is
at P2, where x = 1000 and y is about 140). However, this benefits the hares, their
population at some later time starts to increase (This occurs at P3, where x is about 210
and y = 80). As a result, the lynxes population eventually starts to increase as well (This

Since

€

13

happens when the population returns to their initial values of P0, and the entire cycle
begins again.
From the previous descriptions of how the hare and lynx populations rise and fall, the
graphs of x(t) and y(t) can be sketched. Suppose that the points P1 , P2 , and P3 are reached
at t1, t2, and t3 . Then, we can sketch the graphs of x(t) and y(t), as shown below.
x

y

To make the graphs easier to compare, both graphs can be drawn on the same axes, but
with different scales for x and y.
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x
x
Number

Number
of
Lynxes

Of hares

From the above graph it can be noticed that the hares reach their maximum population
about a quarter of a cycle before the lynxes.
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